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Abstract: We study the general low-energy effective action on long open strings, such 
as confining strings in pure gauge theories. Using Lorentz invariance, we find that for a 
string of length R, the leading deviation from the Nambu-Goto energy levels generically 
occurs at order 1/i? 4 (including a correction to the ground state energy), as opposed to 
1/-R 5 for excited closed strings in four dimensions, and 1/R for closed strings in three 
dimensions. This is true both for Dirichlet and for Neumann boundary conditions for the 
transverse directions, though the worldsheet boundary actions are different. The Dirichlet 
case is relevant (for instance) for the force between external quarks in a confining gauge 
theory, and the Neumann case for a string stretched between domain walls. In the specific 
case of confining gauge theories with a weakly curved holographic dual, we compute the 
coefficient of the leading correction when the open string ends on two D-branes, and find 
a non- vanishing result. 
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1. Introduction and summary of results 

Many field theories in d > 3 spacetime dimensions have stable one dimensional excitations 
(strings); examples include solitonic strings in theories like the d = 4 Abelian Higgs model 
HI, and confining strings in pure gauge theories in d = 3,4. Usually those strings have 
width and are only approximately one (space) dimensional, but in many cases their low- 
energy effective action can be well described by a one dimensional string, with the structural 
fluctuations considered as extra massive degrees of freedom on the string worldsheet. The 
state of such a string, considered in physical (static) gauge, spontaneously breaks transla- 
tion invariance in the (d— 2) transverse directions, so its embedding orthogonal coordinates 
in spacetime are massless fields on the worldsheet, due to Goldstone's theorem 1 . In the 
absence of any additional symmetries these are generically the only massless modes, and 
they interact with the heavy modes. The heavy modes can be integrated out to leave an 
effective action for the massless modes, which is valid up to the energy scale of the (lowest) 
mass of the integrated heavy modes. We assume here that the field theory in the absence 
of the string has a mass gap so that in the IR limit we are left only with the string's 
embedding coordinates as massless modes; otherwise, the effective action is non-local. We 
also assume that the string is stable, and that at low energies we can ignore interactions 
between different strings. 

The effective action can be analyzed order by order in the number of derivatives; when 
the length R of the string is much longer than the tension length scale, R >> 1/vT, this 
derivative expansion is an expansion in 1/Ry/T that is called the 'long string' expansion. 
We would like to understand the most general low-energy effective action governing such 

1 Notice that the string solution actually breaks 3(d— 2) symmetry generators, including also the rotations 
of the parallel directions to the worldsheet with the orthogonal directions. Whereas for internal symmetries 
Goldstone's theorem gives a one-to-one mapping between the number of broken generators and the number 
of massless Nambu-Goldstone bosons, this is not the case for spacetime-dependent symmetries, where a 
smaller number of Nambu-Goldstone modes is sufficient for the realization of the complete symmetry. 
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strings. A reasonable first guess for such an effective action is the Nambu-Goto action, 
whose open string energy levels are known exactly H, 



e°> ng = trJi+ 2;r 



TR 2 



d-2 

n 

24 



and indeed results from the lattice show a good agreement with this equation (see, for 
instance, |fl}|-|plf|); a similar agreement is also seen for long closed strings (see, for instance, 

13-11). 

In ||36| , [37| l Liischer et al. initiated this line of study by writing the leading term in 
the effective action in static gauge, the free action, and finding the first correction to the 
classical energy of these strings at order O(j^). Surprisingly (at that time) this was found 
to be universal, the so called Liischer term. In H [l^ Liischer and Weisz continued this line 
of study, generalizing it for open and closed strings up to O(jp) and including the action 
on the boundary (with Dirichlet boundary conditions for the transverse coordinates), and 



found that some of the coefficients of the terms in the action are constrained. In [38] further 
investigation was performed up to O(jp), for the partition functions on the cylinder and on 
the torus. All coefficients up to O(j^) in the bulk were found to be constrained and equal 

W> 



to those of the Nambu-Goto action, as well as all but one of the coefficients at 0(j&) for 



d > 4 . The constraints arise from the underlying Lorentz symmetry [39, 38]. The single 



unconstrained coefficient was found not to contribute at leading order to the partition 



function of the torus, and it is now believed to be universal as well [40], although in a less 
trivial manner. This program explains the results from the lattice, where the computed 
closed string energy levels were found to be very close to those of the Nambu-Goto string. 
The results above also suggest where the first correction to the Nambu-Goto closed string 
energy levels should be found, but unfortunately this is predicted to occur at O(jp), a 
higher order than the one controlled by today's best lattice technology. 



In [38 1 only the bulk action was discussed. This is sufficient for closed string energy 
levels, but not for open strings. In the present work we generalize the above considerations 
by considering possible boundary terms up to O(-^j), and we also discuss the case of 
Neumann boundary conditions for the transverse coordinates 3 . Again, we find constraints 
on the coefficients in this action coming from Lorentz symmetry. We find a single non- 
universal allowed coefficient at this order, which then gives the leading correction to the 



2 For the case of d = 3 the deviating term is trivial, and then all the coefficients coincide with those of 
Nambu-Goto up to (and including) 0(-^). 

3 Dirichlet boundary conditions are relevant, for example, for confining strings ending on Wilson loops, 
while Neumann boundary conditions arise for strings ending on domain walls. In the presence of such 
domain walls, there is also the Nambu-Goldstone mode from translating the domain wall, that we ignore 
(this field lives in a different space, and decouples when the transverse volume of the domain wall is infinite). 



-3- 



Nambu-Goto open string energy levels, at order 1/R 4 . This should be easier to observe 
on the lattice than the higher order closed string deviations 4 . Our main result is that for 
Dirichlet boundary conditions on the transverse directions the only allowed non-constant 
boundary term up to four-derivative order is of the form b2dod\X ■ dod\X , with an arbitrary 
coefficient 62. This leads to a correction to the Nambu-Goto result for the open string 
ground state energy of the form 5Eq = —b2^ 3 (d — 2)/60i? 4 (measured in units of the 
string tension). For Neumann boundary conditions the allowed boundary terms up to 
four-derivative order are \x [1 + \d X ■ d X - l(d X ■ d X) 2 ] + a 2 d$X ■ d$X, with arbitrary 
coefficients fj, and 0,2- 



As in [38], we test our form of the effective action by a holographic computation in 
a confining gauge theory that has a dual string theory description (by the AdS/CFT cor- 
respondence [pH|]) as a superstring on a weakly curved background. The computation is 
done for a long string stretched between two D-branes (sitting in the confining region), 
and as expected we obtain non-zero values for the allowed non- universal coefficients; we 
treat both the Dirichlet and Neumann cases. Note that while the computation with Neu- 
mann boundary conditions for the transverse fluctuations refers to a long string stretched 
between domain walls, our computation with Dirichlet boundary conditions for the trans- 
verse fluctuations is not exactly the same as a correlator of Wilson loops, which is what is 
usually measured on the lattice in this context. We leave for future work the holographic 
computation of the latter, but we expect it to give similar results. 

In section || we write the most general effective action for Dirichlet and Neumann 
boundary conditions up to 0(1/ R 4 ), in static gauge and in the long string effective action. 
In section |3| we compute the corrections to the cylinder partition function coming from this 
general action in both cases. In section |I| we derive the most general allowed form for the 
cylinder partition function, by writing it as a sum over propagating states in the open and 
closed channels, and compare it with our previous results. This leads to constraints on the 
coefficients in the effective action, and also to expressions for the corrections to the energy 



4 We note that our result is reminiscent of the result of Braaten et al. [^l], ^] , who compute the static 
potential for the string action with the rigidity term JI3], in addition to the Nambu-Goto term, in the large 
d limit, and find the first correction to Nambu-Goto to be at the 1/R A order, after expanding their results 
in 1/R. However, the two results are probably unrelated; the results of Jil[ fi^ | are obtained in the large 
d limit, and only then expanded in 1/R, but the large d and large R limits generally do not commute, 
although they happen to commute in the Nambu-Goto case, since the radius of convergence for the 1/R 
expansion goes to infinity when d goes to infinity. This is also clear from the fact that the result of [l2| is 
non-analytic in the string tension, as well as in the rigidity coefficient, so it is probably non-perturbative in 
1/R. We stress that our work is inherently perturbative in 1/R, and thus does not imply anything outside 
the radius of convergence of the 1/R expansion. We also note that within the 1/R expansion, and at the 
order we work at, the rigidity term is trivial (can be removed by field redefinitions). 
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levels. The energy levels of the effective string action can also be computed directly in a 
Hamiltonian formalism [45], which gives the same results. In particular, we find the lowest 
order correction term to the Nambu-Goto string, which arises at order l/R 4 and with one 
arbitrary free coefficient, both in the Dirichlet and Neumann cases. In section |5[ which 
is independent of sections |3| and ||, we derive the same constraints in a much simpler and 
direct way, by demanding invariance of the action under the implicit parts of the Lorentz 
group. Finally, in section |6| we consider holographic models of confining gauge theories 
with both boundary conditions, and by integrating out the massive modes we compute the 
effective action for the confining string. We verify the constraints, and compute the allowed 
free parameters in each case, which are set in this framework by the holographic geometry. 
In the appendices we present all our notations, technical details and computations. 



2. The effective action 

The effective action we consider is a derivative expansion around a long string solution. 
To compute the open string partition function we take a cylindrical worldsheet, wrapping 
a periodic compact dimension X° of length L and stretching with length R along one 
flat non-compact direction X , and we fix the worldsheet diffeomorphism gauge freedom in 
static gauge by choosing cr° = X° , a 1 = X . The operators in the action then include only 
the massless modes X 1 (i = 2, ...,d — 1, where d is the number of spacetime dimensions), 
which are the transverse fluctuations of the string around the classical solution; these fields 
must always show up with derivatives to keep the translation invariance. The effective 
action in this gauge manifestly preserves the transverse rotation symmetry SO{d — 2), as 
well as the Lorentz symmetry on the worldsheet SO(l, 1) (broken by the boundary) and so 
we build operators that are invariant under these symmetries. In the convention that the 
X : s are dimensionless and in any computation, the contributions from higher dimensional 
operators in the action are suppressed by inverse powers of the long string length (L or 
R). We will thus look for all possible independent terms in the action, order by order in 
the number of derivatives. Since worldsheet coordinates have dimensions of length, a bulk 
term has the same order as a boundary term with one less derivative. 

It is well known that terms in the action that are proportional to the equation of 
motion (e.o.m.) or its derivatives do not contribute in perturbation theory and can be 
swallowed by field redefinitions. When working at a fixed order in the derivative expansion 
this allows us to use in the action the e.o.m. of the free theory, since corrections to this 
will generate terms at higher orders, which we can ignore since we classify the most general 
terms at each order anyway. Alternatively, we prove directly in perturbation theory in 
appendix |FJ (and specifically on the cylinder, with both boundary conditions) that terms 
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in the action that are proportional to the free e.o.m., or its derivatives, give no contribution 
to the partition function in perturbation theory, and thus we ignore terms of this kind. We 
work all along in Euclidean signature. 

The simple constant term in the bulk, 

T I d 2 a = TLR , (2.1) 

Jm 

gives us the definition of the string tension T. From here on we rescale our worldsheet 
coordinates with the square root of the tension, such that they are dimensionless coordi- 
nates ranging in a G [0,/] , a 1 G [0,r], with I = Ly/T , r = Ry/T >> 1 the parameters 
for the long string expansion. Any additional term contributes with appropriate powers of 
the long string lengths (l,r) from the worldsheet derivatives, and we denote by 'order k' 
general terms in the bulk of the form f M d 2 a Q k + 2 x 2n , and corresponding terms on the 
boundary f dM da d k+1 X 2n , and by (S' k ) the bulk (boundary) action at order k. Up 
to order we can only write the free action, 

S = l{r + 2/i) + - / d 2 a d a X ■ d a X , (2.2) 

where we scale our fields to have a canonical kinetic term. Since we have set the fields to 
be dimensionless as well, this will make all couplings that we write for higher level terms 
dimensionless, and so everything in our action is expressed in units of appropriate powers 
of the string tension. The constant term on the boundary gives the end-points of the string 
a static "mass" 5 ; note that the boundary consists of two components 6 , so that the mass 
for each end-point (in units of the square root of the string tension) is {i. 

5 This is not really a mass in space-time, since the end-point is always fixed in the X 1 direction. In the 
case of Neumann boundary conditions for some of the transverse directions, the end-points are free to move 
in these directions, and then /i behaves as an end-point mass for the motion in these directions. Note that 
the effective string action is not valid for fully dynamical end-points, since in that case nothing prevents 
the string from becoming short. 

6 More generally one can assign two independent couplings for the boundary action on the two discon- 
nected boundaries 

b'S H + b ! S lf =b l J da°O\„i =0 + b ! J da O\ a i =R , (2.3) 

since the string can end on different objects at its two ends. This can also be rewritten using 

b ± S' ± =b ± (f da O\ a i =0 ± J da {, 0\ al ^ . (2.4) 

We work at first order in the higher derivative operators, such that S'~ does not contribute, and so we 
will only consider S' = S' + . Of course, in the case of different boundary conditions at the two ends this 
statement is irrelevant since we could have different operators on different boundaries; we do not analyze 
this case here, although it can be done in a similar manner. 
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We now write down the general terms in the effective action, allowed by the manifest 
symmetries, order by order, in the cases of Dirichlet and Neumann boundary conditions. In 
the next sections we will see how some of these terms are constrained by Lorentz invariance. 



2.1 Dirichlet boundary conditions 

In the case of Dirichlet boundary conditions, which we take without loss of generality to 
be X 1 = at both ends, pure cr°-derivatives vanish on the boundary (8qX = 0). 

At order 1 the general allowed form is schematically f 9M da d 2 X 2 and the only 
possible term in the Lagrangian is therefore || 7 

£[ = b x diX ■ dtX. (2.5) 

At order 2, terms in the bulk are of the form J M cPa cftX k for k = 2, 4; this action 
was written already in [12, 38]. For k = 2 all terms include the equation of motion or they 



are related to such terms through integration by parts 8 . There are two k = 4 terms, 

C 2 = c 2 (d a X ■ d a X)(df]X ■ d^X) + c 3 (d a X ■ d p X){d a X ■ d p X) . (2.6) 

On the boundary the general term is of the form j 9M da d s X 2 and there are two such 
possible terms, 

5 diX • diX , d\X ■ d x X , (2.7) 

both of which are trivial. In the second term one can transform the d\ into d 2 by the e.o.m. 
and then it is trivial by the boundary condition. The general rule is that an operator 
on the boundary is non- vanishing only if each X has an odd number of <9i's. 9 



The first term in (2.7) is a total time derivative and thus it is trivial. Note that in general, 
terms with an odd number of <9o's do not contribute by their one- vertex function, but can 
contribute through higher vertex functions. 

Using the rule above we easily classify all possible boundary terms at all orders. Since 
d 2 = —d 2 by the free e.o.m, and since any X should come with an odd number of d\s, each 
X should have a single d\ and an arbitrary number of <9o's, determined by the term's order; 
at order k the boundary term should have k + 1 derivatives. By demanding translation 



Note the difference in the definition of bi , as well as ci , C3 in by a factor of 4 from that of @, [jj. 

8 It is true that here integration by parts does not give equivalent terms immediately because of the 
boundary, but in any case it does not give new terms that are not already taken into account when writing 
the boundary terms by themselves. 

9 The above statement, which is the generalization of the e.o.m. on the boundary, d^X' — 0, is also 



transparent from the form of the propagator, which obeys di n Gx>\dM = (see (C.6) for details) 
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and rotation invariance 10 for the transverse coordinates one should have an arbitrary even 
number of X's that is smaller or equal to the number of derivatives. We note that some 
different configurations are dependent by integration by parts and one should carefully 
choose the independent terms. Of course we should also exclude terms that are total 
derivatives. 

At order 3 we find then 

4 = • d d 1 x) + b 3 (d!X ■ d^f, (2.8) 

and we will see that this gives the leading correction to Nambu-Goto, so we will not discuss 



higher orders here; note that at order 4 there are possible bulk terms [38|, but no boundary 
action. Up to order 3 the general effective Lagrangian on the boundary is thus 

C! =[£'_!] + [C\] + [j0' 3 ] 

=[H + [hdxX ■ d x x] + [ModiX • dodtX + b^x ■ d^) 2 } . (2.9) 

2.2 Neumann boundary conditions 

Here a similar all-order classification can be made. The boundary condition diX'^t, = 
translates into the rule that an operator on the boundary is non-vanishing only if 
each X has an even number of <9i's. The use of the equation of motion together with 
the above rule allows us to disregard all di's, and have only <9o's. The general action on 
the boundary up to order 3 is then 

a =[£_,] + [€[} + [4] 
=[fi] + [ ai d x • d x] + [a 2 dlx ■ d 2 Q x + a 3 (d x • d x) 2 } , (2.10) 

and the bulk action is as above. The first term gives a mass for the end-points, and the 
second term is their kinetic term. Note that in this case we could translate the bound- 
ary terms into modified boundary conditions, but we use here a formalism in which the 
boundary conditions are fixed. 

3. The partition function 

We call 'level k 1 a contribution to the partition function that corrects the free partition 
function at order 0(r~H~ k+ ^), for some integer j, so that Z = ZW + + ... , and 
Z^ jZ^i ~ 0(r~H~ k+ i). In these notations an order k term in the action first contributes 
to Z through its one- vertex function at level k. We now write down these contributions 
level by level. The notations and functions that we use in this section are similar to those 
of |3^] and are summarized in appendix |A|. We state in this section all the results (old and 
new), and in appendix |E| we present their detailed derivations. 
10 In d = 3we should demand spacetime parity for this claim. 
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3.1 Dirichlet boundary conditions 

We begin with the case of Dirichlet boundary conditions for the transverse coordinates. 
The partition function of the free action (|2.2| ) is known for many years to be [46] 



4 0) = J VXeMSo} = e- l ^ V (qf- d , (3.1) 



with the definitions: 

I 



q = e 2 ™ = e-~ , r = i- . (3.2) 

2r 



This computation (see ( jE.2|) below) uses the C-function regularization to regulate 11 the 
infinite product obtained from the determinant of the Laplacian on the cylinder. 

At level 1 the additional contribution to the partition function coming from the action 
( |2.5|) is H at leading order 

Z = J DXe- s °- s 'i ~ Z(°)(l - (Si)) = Z(°> + Z« , 

(S' 1 ) = b 1 (d-2) f da d 1 d[G v = -b 1 (d-2)^E 2 (q) , (3.3) 

JdM br 
where Gu(a,a') is the massless propagator on the cylinder with Dirichlet boundary con- 



ditions dC.6|) ; for the details see (E.7) below. As shown in []12| and reviewed below, when 
expanding this result in the closed channel and comparing it with the general form of the 
partition function, the only consistent value for the coupling is b\ = 0. We will there- 
fore ignore this term from here on, also in higher level computations, where it could have 
contributed through a multi-vertex correlation function. 

At level 2 we find a contribution to the partition function coming from ( [2.6D , given 
by Z( 2 ) = -Z(°)<5 2 ) (we ignore the (S' 2 ) contribution), and it was calculated (see ( |E.1C| ) 



below for details) in [O, |38| (in three dimensions it was already calculated in p6| , [1), 

(S 2 ) = (d- 2){[(d - 2)c 2 + c 3 ]/i + [2c 2 + (d - l)c 3 ]I 2 } , (3.4) 



with: 



h = I d 2 a d a d a 'G v dp&'Gv = ^H 2 , 2 (q) , 

I 2 = d 2 a d a d' p G v d a d?'G v = ^Mq) ■ (3-5) 



11 This technique actually performs at once both regularization and renormalization, i.e. it turns an 
infinite sum to a finite result. The infinities come from the infinite energy of the worldsheet vacuum, and 
its renormalization amounts to the renormalization of the string tension [^7| . It was shown in jl8| that the 
finite result is universal and independent of the various possible regularization schemes. 
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At level 3 the only contribution to the partition function comes from fl2.8|) and 

is 

Z (3) = -z(°){S' 3 ) (ignoring the (S[S 2 } contribution). This is given by (see (|U7|) for 
details) 



(S' 3 ) = {d- 2) [6 2 / 3 + db 3 /4j 



(3.6) 



with: 



8M 



dM 



da dodi&od^Gv 
da {d^Gvf -- 



72r< 



60r 4 
-E 2 {qf 



EM 



(3.7) 



3.2 Neumann boundary conditions 



With Neumann boundary conditions for the transverse directions the propagator is (C.8), 
as derived in the appendix. In addition to switching sines with cosines (relative to the 
Dirichlet case), since the transverse string position is no longer fixed at its ends in this 
case, there is an extra piece which is obtained by considering also the spatially constant 
n = terms (but disregarding the zero mode n = m = 0). 



At level we compute the partition function (see (E.21)) to be 



7 (0) 



V 



(3.8) 



The difference from the Dirichlet case is due to the spatially constant modes and in par- 
ticular the zero modes which were absent before. Vj_ is the volume of the transverse 
X-space (which is dimensionless and related to the volume V± of the real positional space 
by Vi = V ± T^). 

At level 1 we have a contribution to the partition function coming from ( |2,10| ) , given 
by = -ZW(S[) with (see flR2|) for details) 



oi(d-2) I da d d' Gx = -2a 1 (d-2){l-^E 2 (q)\- . 
JdM { I2r J r 



(3.9) 



We will later show that in this case a\ is proportional to /x, the mass parameter of order 
(— 1). When /i / 0, the higher level contributions to the partition function are then more 
complicated than before, 



Z 



Z (0) 



1 - (S[ + S 2 + ...) + + S 2 + ...) 2 > + ... 



(3.10) 



1 



1 - (Si) - [ (S 2 ) - -(S?) 



1 



(S[S 2 ) + ^{S[ 3 ) 



and they involve multi-vertex correlation functions which are harder to compute. For our 
purposes the terms that are independent of fj, and are easy to compute are sufficient, and 
so at higher levels these are the only ones we will compute. 
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At level 2 the relevant contribution to the partition function coming from (2.6) is 



then Z( 2 ) rs —Z(°'(S 2 ), where the similarity symbol denotes terms that are independent of 



[i. The structure of contractions and integrals is unchanged from the Dirichlet case (3.4), 

(S 2 ) = (d- 2){[(d - 2)c 2 + c 3 ]/i + [2c 2 + (d - l)c 3 ]/ 2 } , (3.11) 

but their values do change due to the change in the propagator (see flE.25|) for the detailed 
calculation) : 

h = [ d 2 a 8 a d a 'G M d^'G N = ^H 2 ,2(q) + ^ , (3.12) 

Jm r rl 

h = J M d 2 a d a d',G M &&G N = - r^E2(q) + I . 

At level 3 the relevant (independent of \x and a\ ) contribution to the partition function 
coming from (|2~T(il ) is ps -Z^(S' 3 ) with (see (|R32|) for details): 



(5 3 ) = {d-2)[a 2 I 3 + a 3 dh] , (3.13) 



da (d d' G X ) 2 = 

IdM 

4. Comparison with a general ansatz 



h = J da (d d' G X ) 2 = ^E 2 (qf - ^E 2 (q) + ^ . (3.14) 



In the limit of a long and stable (non-interacting) string, the partition function of this 
string over some surface must have an interpretation in terms of propagation of physical 
string states along this surface, and its action needs to be diffeomorphism invariant. The 
cylindrical worldsheet has two different interpretations depending on the choice of time 
direction. If X° is chosen for time then the interpretation is that of an open string winding 
time periodically, and the partition function is a thermal one for the open string; this 
is called the 'open channel'. When X 1 is chosen for time, the partition function is just 
a propagation amplitude for a closed string between two boundary states, and this is 
denoted the 'closed channel'. As mentioned above, fixing the diffeomorphism invariance by 
the static gauge leaves manifest only an 50(1, 1) x SO(d — 2) part of the complete Lorentz 
group, and we have built the most general effective action symmetric under this part. 
Demanding then the complete symmetry (i.e. including the rotation of parallel directions 
to the worldsheet with transverse directions) 12 will constrain the coefficients in this action, 



12 Strictly speaking this part of the symmetry, as well as the Lorentz symmetry on the worldsheet, are 
only preserved when the worldsheet is on the plane. However, since the action is local, the symmetry is 
also manifest on the cylinder and the torus, when not broken by boundary conditions; in the latter case 
only the subgroup of Lorentz that is preserved by the boundary conditions can be used as a symmetry. 
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and there are several ways to implement this demand and then to obtain the constraints. 
In this section we use the old method |l^, |3§[] , where the complete Lorentz symmetry is 
used to construct a general ansatz for string partition functions. The general ansatz in 
one of these channels explicitly uses the non-manifest part of Lorentz, as shown below, 
and thus when compared to the computed partition function, it will lead to the constraints 
on the coefficients in the string action. We will see that for each boundary condition a 
different channel will encode this implicit part of the Lorentz symmetry. The comparison 
of the computed partition function with the general ansatz in the open (closed) channel 
will also give the corrections to the open (closed) string energies. A different method to 
find the Lorentz invariance constraints |^0| is explained in the next section. 

4.1 The general form of the partition function 

We begin with Dirichlet boundary conditions, doX l \i, = 0, and with the open channel 
(X is time). The open string that runs in the loop is attached at its ends and there is no 
transverse momentum; namely, the zero modes of the X's are fixed. Thus, if we expand 
the string in modes and denote by |n; X°) the quantum state of a string of length R in the 
n'th oscillatory state 13 at time X°, the thermal partition function sums in the loop only 
over all oscillatory states, 

Z®{L,R) = $>;L|n;0> = J>| e -^|n> = £e~^ , (4.1) 

n n n 

where %° is the worldsheet Hamiltonian of the open string. For more general boundary 
conditions the open string can have also a (transverse) kinetic energy for its center of mass 
so that its total energy is really E° Pt (R), and here we mean E°(R) = E° Pt=0 (R), the 
energy of the open string with no transverse momentum. 

In the closed channel (X 1 is time) the Dirichlet boundary condition states that 
at the initial and final times the whole string is located at a single point in the transverse 
space; in particular its center of mass is located at that point 14 . Now the string quan- 
tum state also includes the state for the position (or momentum) of its center of mass 
in the transverse space (or momentum space), and this will be denoted by \n, X±; X 1 ) or 

13 In a general theory of strings these are no longer given by the usual free field Fourier modes, but 
working in the canonical formalism one can always diagonalize the Hamiltonian on the worldsheet to obtain 
its eigenstates, which include the oscillatory energy part and the kinetic energy for the center of mass 
coordinates. We assume here that those two parts can be consistently separated, meaning that the Hilbert 
space is block diagonal, and when having also transverse momentum \n,Pr) = \n) ® \Pt)- Note that we 
consider the worldsheet energies although we are actually interested in the energy levels of the string in 
spacetime. However, in the static gauge the two coincide. 

14 Notice that the boundary state overlaps with generic states allowed by the symmetries. 
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\n, Pt', X 1 }, respectively. Denoting the boundary state by \B) (which is the state of fixed 
X±) and choosing no transverse separation between the two edges, we find 

Z$(L,R) = (B,X ± ;R\B,X ± ;0) = (B, X R \B , X ± ) 

- V \v (i)l 2 / "" PT E " {L) c-^m* (4 2) 



In the first equality we have put in a complete set of states in a Lorentz invariant manner 
|39tl 15 , and we denote by Pt the closed string energies with transverse momentum P-p, 
and by v n (L) = (n\B) the overlap of the string energy eigenstates with the boundary state. 



Using the relativistic dispersion relation [39| 



^W = VW + 4> (4-5) 

as well as the integral formula 

r dx xn e -vOT = 1 r ( 0±±\ {2a) % K ^a) , (4.6) 
Jo Vx 2 + a 2 ^ \ 2 ) y ' * y > ' K ' 

we solve explicitly the integral over the transverse momentum in ( [4.2[) to find 

( d-l 
^JP) 2 K^(EUL)R) , (4.7) 

where K v {x) are the modified Bessel functions of the second type. Note that in (|4.5| ) we use 
the implicit part of the (explicitly) unbroken Lorentz group that rotates the X 1 direction 
with the transverse directions; this part is not broken since X 1 also has Dirichlet boundary 
conditions. The same result was derived in p2[ by a slightly different method. 



15 This follows the usual considerations (see for example jf9|, page 23), except that now the particle is 
replaced with a string which has also the oscillatory energy and we find the correct normalization through 
comparing with the original computation method of pig ). The Lorentz invariant measure is then 

f d^Pr E n (L) 

and correspondingly 

(n,P T \m,P^) = 8 nm En E ^ ] (2n) d - 2 8 (d - 2 \P T - P> T ) , (4.4) 

which we use below. 



- 13 - 



The Neumann boundary condition is d\X t \i ) = 0. In this case the ends are not fixed 
any more, so that in the open channel thermal partition function, one needs to integrate 
over all momenta running in the loop, 

ZV (L, R) = ^J ^___^(„, P T ; L|n, P T ; 0) 

= 2V^- d Y,(^§ L y L K^(EUR)L) , (4.8) 



where we have used again the relativistic relations fl4.3|) , (4.4) and (|4.5| ) (using the Lorentz 
generator that is rotating X° and the transverse directions, which is not broken in this 
case) together with the identity 5^ _2 - ) (0t) = ( 27 rj^-2 anci another integral formula, 

/e" W = (— ) (2a)^^(a) . (4.9) 

V47T \ 2 J 2 



Vj_ is the physical volume of the transverse dimensions; since the string can be located 
anywhere in these dimensions, we expect the partition function to be proportional to V±. 

In the closed channel the Neumann boundary condition implies that the initial 
and final closed string states \B) have no transverse momentum, and the amplitude is (for 
v n {L) = (n\B)) 

Z$(L,R) = (B,0 T \e- ncR \B,0 T ) 

= V±Y1 M L )! 2 e~ E ^ L)R . (4.10) 

n 

Below we use again dimensionless quantities and define also 

e n = E n /VT , Vi = V ± T^ . (4.11) 
The summary for the partition functions in all cases and channels is: 

4 o] (Z,r)=£e-^, (4.12) 

n 

d-l 

Zg(l,r) = 2r 2 ~ d : £/„(J) (^P) 2 K^(e c n (l)r) , (4.13) 

^P) 2 %i«(r)0 , (4.14) 
Z$(l,r) = V ± Y;fn(l)e~ eCnil)r > ( 4 - 15 ) 
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where we define f n (l) = \v n (L,T)\ 2 T^ and f n (l) = \v n (L, T)\ 2 T V. 

In general the partition function at any order can be interpreted through its open or 
closed string channel. We will now use the above partition function forms to write down 
their general expansions in all cases. Then we expand our explicit computations from the 
previous section in the same manner, and compare them with the general expansions to 
extract constraints on the couplings, as well as the corrections to the energies at each 
level. In the Dirichlet case we use the closed channel in order to find constraints on the 
couplings; they show up there since this is where we have used the implicit parts of Lorentz. 
We do not obtain here the complete constraints (taking into account the full information 
coming from Lorentz symmetry) , due to the unknown wave functions of the boundary closed 
string states; a similar computation on the torus, where there are no boundary states, was 
performed in [38] and the complete constraints on the bulk couplings were indeed found. 



The open channel is used in order to find the open string energy corrections, whereas the 
closed string energies cannot be corrected by boundary terms, and the corrections from 
bulk terms have already been calculated in p8[ |. In the Neumann case the use of the 
implicit parts of Lorentz is in the open channel, and thus this is where constraints will be 
found. Since the open channel does not include any unknown wave functions, in this case 
the derived constraints are expected to be complete, as for the torus. 

4.2 The free case (level 0) 

4.2.1 Dirichlet boundary conditions 



At level zero we have the partition function [46] 



4°) = e -^ +2 ^ l V (q) 2 - d . (4.16) 

ttI 

For the open channel one can expand rj(q) in powers of q = e~~ , 

oo 

V(q) 2 ~ d = Y J ^q 2 -^ +n , (4.17) 

n=0 

with: 

(d-2)(d + l) (d - 2)(d - l)(d + Q) tA , 

u = 1 , wi = d - 2 , u 2 = y - '± , u 3 = i A - A 1 , ... 4.18 

2 6 

In its open channel form ( 4,12j ) we have 16 



Zftlj)^^ 1 , (4.19) 

n=0 



16 Note that we are slightly abusing notations here, where we are using the index n both for the summation 
over all string states, and for the summation over the free action energy levels. We use ^ n for the former, 
and Vl 00 „ for the latter. 
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from which we find the open string energies, 

e g iB (r) = r + 2 A i+^n-^) , (4.20) 

and the open string degeneracies ui n of the free action. 

For the closed channel we first write a general power series expansion of the closed 
string energies and wave functions, 

e c n (i) = 1(1 + < 2 r 2 + < 4 n 4 + •••) = 4, n ( l ) + 1 « 4 r 4 + < 6 n 6 ...) , (4.21) 

fn(l)=Fn(l)[l + fn,ir 1 +fn,2r 2 + ...) , (4.22) 

and then put them in the closed channel partition function ( |4.13| ) and expand again to 
lowest order, 

d-2 

Z [ v\l,r)=(J^j 2 ^F n (/)e-^(0^ 1 + O(r i)] . (4 . 23) 



The modular transformation property of 77(g) ( A.6 ) is now used to rewrite ( 4.16] ) in its 
closed channel form, 



d-2 d-2 



Z%\l,r) = e-^Wl) 2 ^?- d = e-^(y) * f> n e-^> , (4.24) 



with q = e 1 . This gives the closed string energies 

4vr / d-2 



€ 0,n = l + -f[ n ~^A~) ' (425) 
and the boundary state wave functions (summed over all states at level n) 

"71 

J2 F mAl) = e-^ l 7r^uj n , (4.26) 

in=l 

where we have split the index n going over all energy states into an index n going over the 
free action energy levels, and an index i n running over the u;^ different closed string states 
that are degenerate at zeroth order in the n'th energy level, but (possibly) split at a higher 
order. 

4.2.2 Neumann boundary conditions 



In the open channel the partition function ( |4.14D is expanded into 

d-2 _, ( 1 1 S Tt,l 1 

4 ] M=M-y 2 £e~H + ' ^ } il + Oir- 1 )] , (4.27) 
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to which we compare the free action partition function (|3.8| ), 



2® =V ± (^) ^ £ -ne-K^+^-^) , (4.28) 



n=0 



finding the same open string energies and degeneracies as in the Dirichlet case at level zero. 
Similarly, in the closed channel with 



/ n (/) = F n (/)(^l + / nil r 1 + / ni2 /- 2 + ...j , (4.29) 
we compare the expansion of ( 4.1 5| ) , 



-w 1 



Z$(l,r) = V ± Y J Fn(l)e V ' [l + Or 1 )] , (4.30) 

n 

with ( |3.8j ) after applying the modular transformation (A.6), 



d-2 



*&(l,r) = (^) 2 V ± e- l ^r,(gr d , (4.31) 

to find the same closed string energies as in Dirichlet at level zero, and the following wave 
functions (summed over all states at level n, with a similar split of index as before): 



Fmjl) = e-^ l (47r) 2 -^Lo n . (4.32) 

4.3 Higher levels 



In order to compare the higher level contributions to the partition function (|3.3| )- (|3.13 ) with 



the general forms ( 4.12D -( f4,15| ), we need to expand the open channel partition functions 



in powers of 1/r, and the closed channel ones in powers of 1/Z. The comparison gives 
constraints on the couplings, as well as the corrections for the energy levels. For the 
comparison of the closed channel we first perform a modular transformation on the partition 
function so that it can be manifestly expanded. 



4.3.1 Dirichlet boundary conditions 

We begin with the closed channel since this is where we will find the constraints, which we 
can later use also in the open channel. 
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In the closed channel, expanding all terms in (|4.13|) while using ([4,21| )-( |4~22 ), ( 4.25 )- 
( gj§ , we get (see (|[3§)) 



4\l,r) 



n 

-(r+2fi)l 



,2-d 
I 

27 



2vr 



d-l 
2 



K^{e c n {l)r) 



2-d 



E< 



q 24 y ^, 

n=0 



1 + 



/n, 



+ 



(4.33) 



' £ n,4* + I /n,2 H — e„ j2 I H g * 



1 



+ 



-Jn,l^ n ^t + I J n>S H — Jn, l£ n ,2 I H o /n,l* 



]5 + - 



generalizing the lowest order term ( |4.23| ), where t = ~. In the above, getting from the 
first to the second line, again we have made the same split of index as before, and we also 
defined the following averaged quantities, weighted by the overlap of each state with the 
boundary state in the free theory: 



fn,k 



Si„ n =l Fni n fni n ,k 



V Wn F ■ 



' t n,k 



/_^i n =l r m n t n i n ^k f - _ Z^,i n =l r ni n Jm n ,l t -ni n ,k 



V n F ■ 



V n F ■ 



(4.34) 



At each level, this expansion gives a power series in q, and we can compare it with the 
actual contributions at that level, order by order in q. 

At level 1, applying the modular transformation ( |A.6| ) to ( |3.3j ) and comparing it with 



( 4.33 ) gives [^] (see ( E.39 ) for more details) 

h = fop.) = . 



(4.35) 



We can then rewrite the general expansion ( 4.33 ) as 



, v - — - oo 

T ' n=0 



(4.36) 



x 1 + 



— i — / d-2\ (d-2)(d-4) 
-e c n 4 r 1 + f n , 2 + 2vr(d -2) in- ) + i ^ >-t 



24 



1 








fn,3 





where we have also replaced e c n 2 with its value (4.25). 

At level 2, after applying a modular transformation to ( |3.4[) , its comparison with 
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( 4.36 ) gives the following equations [12] 17 (see (|E.40| ) for details) 

d-4 

(d - 2)c 2 + c 3 = — ^- , 
ir(d- 2) 



/o,2 



6 

7T 2 (d-2), 



>o,4 r& [2c 2 + (d - l)c 3 ] . (4.37) 



A similar calculation on the torus 38] gave the full constraints (in dimensionless cou- 
plings) 18 , 

C2 = \ , e 3 = -~ , (4-38) 

and then we can write: 

n(d-2\ 2 , 7r(d-2) 
44 = " 87r (^rj > /o,2 = g j • (4.39) 

The corrections to higher energy levels of the closed string are similarly extracted by 
comparing terms with higher powers of q (alternatively, by using relations QA.3 ) and going 
through some algebra, all energy levels are extracted at once): 

5 = -Svr 2 (n - ±=p) 2 , U = -4vr (n - ^) . (4.40) 
Our correction to the wave function (|4.40[) at this level corrects a small error in [38]. The 



obtained couplings are exactly those obtained from a long string expansion of the Nambu- 
Goto string, and so are the energy corrections. 

At level 3, comparing ( [4.36 ) with ([3.6|), we find after applying modular transforma- 



tions that 

6 3 = , (4.41) 



and no constraint is found for 62 (see ( |E.42 ) for the details). The correction to the ground 
state wave function is 

/o3= 4^3^-2) (442) 

The closed string energies are not corrected at this level since we had here only boundary 
contributions, so the only corrections are to the closed string boundary state wave functions. 
Higher order terms in q give the corrections to the higher wave functions. 



17 Notice that the factor 4 mismatch from Liischer and Weisz |12| is due to the factor 4 difference in the 
normalization of C2 and C3. 

18 Notice that this is what one obtains by assuming that ci and C3 are d-independent; this is not a 
coincidence, and is understood when computing the constraints directly by demanding the invariance under 
the implicit part of Lorentz Mf , as we explain below. 
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In the open channel, string energies can be expanded in 1/r, 



e° n (r) = r(l + e^r' 1 + < 2 r" 2 + ...) = e^(r) + r^r" 3 + < 4 r" 4 + ...) . (4.43) 



3 , _o 



Then, making the same split of index as before with a similar definition of averages, 

S = 77 E > (<IT 2 = - E «*^) 2 . - ( 4 - 44 ) 



in = l 



in = l 



we find the general expansion, 



4° ] M=EE 



n=0 i n =l 
oo 

n=0 



-ra,3 



£ n,5 £ n,3 £ n,4* + g( £ n,3) 3 * 



(4.45) 



As for the closed expansion, we compare the contributions from the general open expansion 
and from the corresponding computation results at a specific level. We will already use 
here the constrained values for the couplings c% = g,C3 = — | and b\ = 63 = 0. Since b\ = 
we have e° n 3 (...) = 0, and the expansion is simpler: 



Z%\l,r) = Yu n e-^ l \l 



n=0 



I 



'n,5 



I 



(4.46) 



At level 2, comparing (|3.4| ) with (|4.46|) we obtain 



'71,4 



vr 2 / d - 2 

n 

2 24 



(4.47) 



for the corrections to the open string energies at this level (for details see ( |E.46| )). 

At level 3, we compare the order O(q ) terms in (|3.6| ) and (4.46) to find the corre- 
sponding correction to the ground-state energy (see details in flE.48 )), 



'0,5 



b 2 ir 3 (d-2) 
60 



(4.48) 



Higher energy level corrections are similarly extracted by comparing higher powers of q 
(see footnote |26| in appendix ||). 
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4.3.2 Neumann boundary conditions 

In the open channel, the energy expansion ( |4.43| ) is put into the partition function ( 4. 14| ) 
which is then expanded in powers of 1/r, 



Mi) 2 e " (r+2 ^ 



e°n(r)l 
2ir 



d-l 
2 



2 
OO 



(4.49) 



£>n<f 1 + 



n=0 



d - 2 „ — ' 

p° _ pO 4. 

2 fc n,l fc n,3 fc 



+ 



d{d -2) _ x d-2 — 2 

5 * H £ n,2 ~ e n,4* + A* 



1 

"77 + 



where we have kept terms proportional to powers of \x in an implicit form, and defined 

d— 2 2 — d 

similar averages as in previous cases. We define Z = V± (^7) 2 e~ ! ( r+2 Wg^r, and use 
the explicit values for e° 1 , e° 2 , and get 



zJ° J (Z,r) = Z^> n <f 1+ »(d-2)-6° nfl t 



n=0 



+ 



(4.50) 



+ 



d(d-2) , vr(d-2)(n-^) 2 

o * H 9 e n,4* + A* #r 



<5* + M#n + M 3 #n 



This expansion is to be compared with the explicit partition function computations (| 

(EH, 



vn=0 



1-^2(9)* 



+ 



+ 



+ 



-d(d - 2)(c 2 + ca)^- 1 + Ad ~ 2 2) [2c 2 + (d - l)^]^) + 

+vr 2 ([2c 2 + (d - l)c 3 ] ^^(?) 2 + [2(d - l)c 2 + (d + 1)031^,2(5)) A + |i(Sf) 

. 027^-2) ^^1 + (_ 2a3d(d _ 2)rl + _ 2) ^ ((f) + + (5 , ft) 



^ 3 > 



1 



(4.51) 



where we have separated different powers of fi (knowing a posteriori how the couplings 
depend on //) inside different powers of t inside different powers of 1/r. We point out 
that in the Neumann case, since we will show that the level 1 coefficient is non-vanishing 
{a\ = /u/2), at higher levels the computation is more involved, and the complete comparison 
and the extraction of constraints demands the computation of multi- vertex functions such 
as (S'i) and others, which are harder to compute. We refrain from computing those 
here, and instead use at higher levels our knowledge of the constraints on the coefficients 
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(ci3 = — fJ,/8, ai is unconstrained) from the direct method that is explained in the next 
section. Note that the a\ and 03 terms are just part of the Neumann Nambu-Goto (NNG) 
action, which includes the additional Nambu-Goto-like term on the boundary in static 
gauge 

S$ G = fi f da ^1 + doX-doX . (4.52) 
JdM 

This is just the free particle action for the massive end-points. 

From the comparison at level 1 we find the constraint a\ = and the correction to 
the energies 



<3 = -2tM"- — ) • ( 4 - 53 ) 

At level 2 we obtain the complete constraints C2 = | , C3 = — |, and the energy level 
corrections, 

If d-2 N 2 



e° 4 = — - In ( a P oss ible /i -term from the NNG action) , (4.54) 

where the possible /j?— correction comes from (S' 2 } (if it is not canceled by the fj, 2 — terms 
in the general expansion). 

At level 3 we see that the energy correction splits into the contribution from the free 
parameter 02, which contributes to the ground state energy 



and other possible NNG contributions proportional to ji and /U 3 . 

The Neumann string in the closed channel is not really interesting here since 
it does not lead to constraints, nor any correction to the energy levels (since the closed 
string energies cannot be corrected by any additional boundary action). The only new 
information encoded in this channel is the corrections to the wave functions, and we will 
not bother to compute them here, although they can easily be extracted in a similar manner 
to the previous cases. 

5. Direct constraints from Lorentz invariance 

The effective action we use manifests the invariance under SO(d — 2) rotations of the 
coordinates orthogonal to the worldsheet X % (i = 2, d— 1). In addition, in the bulk of the 
worldsheet it also manifestly preserves the SO(l, 1) invariance of the X° — X 1 plane. The 
complete 50(1, d — 1) Lorentz invariance is spontaneously broken by the classical solution 
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around which we expand, but the expanded action should still respect this symmetry 
non- linearly 19 . To derive the form of the symmetry transformations in the static gauge, 
consider, for example, a rotation in the X 1 — X 2 plane 

d^X 1 = eX 2 , 5 12 X 2 = -eX 1 . (5.1) 

In order to keep the gauge fixing a 1 = X 1 we must then also make a diffeomorphism 

5 12 a 1 = eX 2 (a) , 5 12 a° = . (5.2) 

The complete Lorentz transformation law in the static gauge, that should leave the action 



invariant, is then [40] 



SwidaX*) = -e5 al 5 l2 - ed a (X 2 d 1 X i ) . (5.3) 
Similarly, the rotation of X° with X 2 induces 

MW) = -e5 a0 6 12 - ed^doX') . (5.4) 
It is easy to verify that operating with these symmetry transformations on the bulk action 



and demanding the result to vanish, the previous constraints are obtained |40] 



11 .„ . 

c 2 = - , c 3 = -- . (5.5) 

Similarly, operating with 5 12 on the Dirichlet boundary action and demanding the result 
to vanish gives 

bi = 63 = , (5.6) 
while doing the same with 5q 2 on the Neumann boundary action gives 

In fact, while the constraints for the ratios between the different couplings in each case are 
indeed obtained directly by only using the local symmetry transformations (|5.3[) -( |5~4]) , the 
overall normalization is fixed by global properties, and is slightly more subtle. We refer 



the reader to [40] for further details. 



19 The gauge fixing d a X^ = <5f with Dirichlet (Neumann) boundary conditions doX 1 — (diX 1 = 0) 
explicitly break the Lorentz generators Eo, (Eh), and in that case only Sii (Eoi) should be required as a 
symmetry. 
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6. An example : open strings in holographic confining gauge theories 

Our discussion above is general and applies to any effective action around a long open 
string in flat space. In particular, we can consider a specific realization of such a scenario, 
in a confining gauge theory that has a weakly coupled and weakly curved dual string theory 
description, such as ||50|| - []52| . We consider a long fundamental superstring confined to some 
IR region and stretched between two D-branes 20 , and we should find an effective action of 
the form we wrote above. An interesting question is whether there are more constraints, 
or whether the effective action around the confined long string will have the allowed free 
parameters turned on. We will verify below that the allowed boundary terms discussed in 
the previous sections are indeed turned on, and that no disallowed terms are generated. 

We consider specifically a type II superstring in a class of confining backgrounds dis- 
cussed in pS|], in which there is a minimal radial coordinate and a cycle that vanishes 
smoothly at that value. The expanded Euclidean action (in inverse powers of the tension), 
including the necessary terms for the integration out of the massive modes at 1-loop 21 is 

s 

Sboson = T J d 2 a I (l + ^d a X ■ d a X^j (l + ^dpY ■ d^Y + ^m 2 b Y b 2 

~^d a X ■ 8pXd a Y ■ d?Y + ...} . (6.1) 

X" 1 (i = 2,..,d— 1) are the flat coordinates of the effective string which are massless fields 
on the worldsheet. Y b (b = 1,...,Nb) are the coordinates in additional curved directions 
corresponding to massive fields on the worldsheet, which are integrated out to give the 
effective string action in flat space. In addition to ignoring terms with higher powers of 
X's (that are irrelevant to our analysis) and terms with higher powers of y's (that do not 
contribute at 1-loop), we neglect here completely the fermions and some other fields (the 
intrinsic metric, the kappa-symmetry-fixing ghosts and possible additional perturbatively 
massless coordinates); we will claim below that these do not change our final conclusions. 
We use the conventions X-X = ]T\ X l X l , Y-Y = ^2 b Y b Y b . The action ( |6.1| ) was obtained 
J38| j by considering the kappa fixed Green-Schwarz superstring action in the mentioned 
family of confining backgrounds, expanded in the number of heavy fields and keeping only 
the operators that include up to two of them, needed for 1-loop order. Each loop order 

2 

comes with a power of njr, where m is the mass of some heavy mode, which is small 

20 We ignore the dynamics of the D-branes themselves since they must have infinite extent for the string 
to be able to end on them. 

21 For all the details and notations for this action, its derivation and related information we refer the 
reader to section 4 of |3q] where a detailed presentation is given. 
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by construction in the weakly curved background we consider (this is necessary so that 
the worldsheet theory is weakly coupled and under control). We then integrate out the 
massive modes to get the effective action for the massless ones, which generically will 
include contributions to all possible operators in the bulk and on the boundary 22 . 



6.1 Integrating out the heavy modes 



For simplicity, we choose in our computation of this section the worldsheet to be the half- 
plane R 2 ^ = {(er°, cr l )\(T a G R, a 1 G R+}; since the action is local, for the purpose of 
computing the effective action, as long as we have a boundary, the choice of worldsheet is 
a matter of convenience. We begin with Dirichlet boundary conditions for both the X and 
Y transverse coordinates. Integration out is carried out by 



s Ef f[x] _ / DYe - s[x ' Y] 



(6.2) 



exp 



d z a[T + ld a X • d a X 



DY exp 



d 2 aY b (-d 2 + m\)Y b 



i 1 ~ 2? / d2(7daX ' & P X \^ ' + m b Y b) - ^ ■ ^ + -} 



Integrating over the X-independent term (for details see appendix EA) gives the 
bosonic part of the correction to the constant terms in the bulk and on the boundary, 



Jo 



/ 



D Y e -y d2aY ^- d2+m ^ Yb 



cxp 



-AT B I d 2 a-[i B I da 



B 



(6.3) 



where ATb corrects the string tension 

ATb = ml log(m 2 ) + divergences , 

8tt ^ — ' 



(6.4) 



and 



E 

b 



nib + divergences . 



(6.5) 



The divergences must and do cancel, when combining the contribution from the massive 
fermions (that we have neglected). The total correction to the string tension (independent 



22 For example, 1-loop corrections to quadratic terms are of the form ~ J d 2 ad 2 X 2 F(—, where 
S stands for the Dirac delta function, that will result with an operator on the boundary. An operator of 
the form ~ J dod i X 2 , that we are expecting, is obtained with F — and so its coupling is of order 
We will see this explicitly below. 
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of having any boundary) was found 3J, 53] before to be 



2:; 



AT = AT B + AT F = i- m 2 f log(roJ) " E m ' lo sK) j ■ ( 6 - 7 ) 

Integrating out the mixed operators as well gives (for details see ( |E.53D ), 

h = ^ I d 2 ad a X ■ dpX (Iff* (5 7 y • STY + m 2 b Y b 2 ) - d a Y ■ d?Y) 
11 Jn 2 + 1 



2T 



[ \d a X-d a X + b% [ da d diX ■ d diX + ... , (6.8 

jrI 2 Jn W 1= o] 



T 

with the bosonic contribution to the boundary coupling 



b 2=-7^Y,— > ( 6 - 9 ) 
oil nib 

b 

where the ellipsis stands for higher derivative terms on the boundary. Up to the derivative 
order we work in, and up to 1-loop order (in m 2 /T) and second order in X, the resulting 
effective action is 



'e/7 



I d 2 a T' + \d a X' -d a X' + ( da [fx B + &f do^X' ■ d diX'] , (6.10) 



with the corrected tension T' = T + ATg and the field wave-function renormalization 
X' = X(l + ^) (there are also the fermionic contributions that we have ignored). 

Some clarifications are in place. First, the original theory is understood to be finite 
(it is manifestly so in a different gauge) and divergences are expected to cancel out after 
taking into account all neglected fields, and so we just ignore divergent terms in our case. 
The other fields will leave also finite contributions. We do not expect, however, that the 
contributions from other fields could cancel a non-zero contribution to 62 of the kind that 
we find, in the general case, since their contributions are independent of the masses mj; 
the fermions can contribute with a similar scale m/, but no generic cancelation is possible 
since our contribution goes as ^b(V m fc) an d the only sum rule is Ylb m b ~ S/ m / = 0- 
We thus see that the 62 coupling generically shows up in this framework, and we see its 
dependence on the bosonic masses, though it will also get some finite contribution from the 
fermions (and possibly other fields) as well. We see also that the b\ coupling does not get 



23 We recall that the finiteness of this correction (there is an implicit cut-off dependence in the logs) 
requires the general identity, 

b f 

which is assumed to be valid in any action of this kind. 
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contributions from the bosonic heavy sector, and as a result of our analysis in the previous 
sections we are assured that it remains zero also after the inclusion of all other fields. 

The case with Dirichlet boundary conditions for both the X's and all the Y's corre- 
sponds to the case when the long string is stretched at the minimal radial position, between 
two Z?0-branes; however, this is not possible by charge conservation. For a realistic scenario 
we need to consider some other boundary conditions for at least some of the fields. When 
allowing also for Neumann boundary conditions for the y's, the computation is very simi- 
lar, and the result is that the contributions to /x or 62 only flip their sign for each Neumann 
Y-field. For a general combination of several orthogonal directions (Y a \a' = l,..,p) with 
Neumann boundary conditions, and several orthogonal directions (Y a ,a = 1,...,Nb — p) 
with Dirichlet boundary conditions, the resulting [i and 62 ar e (considering only their 
bosonic contribution) 



1 



MB 



ma ~ ma ' 



1 

64T 



£--£- 

^ m„. m n i 



(6.11) 



This case correspond to a Dp-brane, which is localized in R d but stretched in some other 
directions (necessarily including the radial direction). 

Next, consider Neumann boundary conditions for the X's. This computation is similar 
as well (see flE.57p ), and the resulting effective action, including only terms with up to two 
X's and four derivatives on the boundary, is 



So 



T' + ^d a X' ■ d a X' 



+ 



+ / da [hb + of d X' ■ d X' + afdiX' ■ d$X'] I 



^1=0} 



with 



af 



1 

16T 



^2 ma ~ ma ' 



1 

64T 



E--E- 

„ m a z — ' m a > 



3.12) 



.13) 



where we have used in the above the operator identity OqX ■ (8q + d\ )X = 0. Of course \i 
and AT do not change from the previous case. Notice that the computed effective couplings 
on the boundary (in units of the string tension) obey the expected relation from Lorentz 
symmetry, 

1 n 



af 



3.14) 



We do not consider in this paper mixed Dirichlet and Neumann boundary conditions among 
the X's, but a similar analysis can be easily done for that well. We see that in all 

analyzed cases, there is a perfect matching between the expected effective action, and the 
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computed effective action in the holographic framework, and also that all couplings that 
are not constrained by the Lorentz symmetry indeed show up. Finally, we note that when 
the worldsheet theory has for each Dirichlet mode a corresponding Neumann mode with 
the same mass, all our 1-loop couplings vanish. It can be easily checked that in that (and 
only that) case, all quadratic terms on the boundary, at any derivative order, vanish in the 
effective theory. 

Acknowledgments 

We would like to thank N. Klinghoffer, Z. Komargodski and A. Schwimmer for many 
interesting discussions and for collaborations on related topics, and to thank B. Bringoltz, 
J. Sonnenschein, M. Teper and V. Vyas for useful discussions. OA would like to thank 
ECT*, Trento for hospitality during the conclusion of this work, and the participants in 
the "Confining flux tubes and strings" workshop there for useful discussions; this was 
supported in part by the European Community - Research Infrastructure Action under 
the FP7 "Capacities" Specific Programme, project "HadronPhysics2" . This work was 
supported in part by the Israel-U.S. Binational Science Foundation, by a research center 
supported by the Israel Science Foundation (grant number 1468/06), by a grant (DIP H52) 
of the German Israel Project Cooperation, and by the Minerva foundation with funding 
from the Federal German Ministry for Education and Research. 



A. Functions and their modular transformations 

Below are some functions that appear often in our partition function calculations. The 
notation for their variables is the following: 

• ^ 2-7T?Y — — 

r = % — , q = e zmT = e r 

2r 

t = = i— , q = e 2mT = e i . (A.l) 

r I 

The Dedekind-r/-function is 

oo 

r,(q) = q^H(l-q n ) . (A.2) 

n=l 

The Eisenstein series and their derivative are: 

2 ~ n 2k~l q n 



7-1 / \ Z \ -» II I 
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Specifically, 



E 2 (q) = 2Aq^-log7](q) , 



H 2 ,M - -Y A q Tq E2{q) ~ 288 • 

We use the following expansions, 

E 2 (q) = 1 - 24q - 3 • 24q 2 - 4 • 24q 3 - 7 • 24g 4 - ... 

E 2 (qf = 1 - 2 ■ 24g + 18 ■ 24<? 2 + 136 • 24q 3 + 202 • 24<? 4 

E 4 (q) = 1 + 10 • 24q + 90 • 24q 2 + ... 

H 2 , 2 (q) =q + 6q 2 + I2q 3 + 2Sq A + ... 



(A.4) 



(A.5) 



The functions defined above all have simple transformation properties under the mod- 
ular transformation r — > — -: 



6i , 



2r\ 2 



E 2 {q) 
H 2 , 2 (q) 



7T 



-f + f z E 2 (q) 



I2r 



2r 
T 



E 2 {q) 



12r 



Trr 



■E- 



M) 



log(g) 



4vr 4 



log(q)E 2 (q) + X - \og(q) 2 H 2t2 {q) 



T 

8^ 



HIT 



l + ^-E 2 (q) + 8TT 2 ? 2 H 2 , 2 (q) 



1 / r \ 2 
" ~2 wJ 



1 2 



47rr 



#2,2(9) 



£7 4 ((?) = r 4 £ 4 (<?) 



EM . 



n 



For regularization the (-function is used 

as) - E 

n=l 

and specific values that appear in the calculations are: 

C(o) = 



l^ = --T2>^ = Wo 



C(-2n) = Vn£l , C(0) = -- log(27r) 



B. Regularization of sums 

In our computations we encounter one finite sum, 

00 



m=— 00 r 



7trl 

■ 4m2 2n 



n- , 
-71 ~r 



l 2 



( mrl\ 



(A.6) 



(A.7) 



(A.8) 



(B.l) 
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and we use the ("-function regularization to regularize the others: 

oo 

m k = 0, V k = 0,1,2,... 

m=— oo 

E nS coth ) = c(--) + 2 E ^ = c(--)^i(9) , 

n=l ^ ' n=l 

E - s -th 2 = a-s) + 4 f; = cm + 4ij 2>s(g ) , 

n=l V / n=l K y > 

E = V C(l - i - 2*0 W?) • (B.2) 

m,n ' I 2 ^ ' 

The details for the two middle identities can be found in ^M- Here is the computation for 
the first identity: 



oo oo 



Y m° = l + 2^m° = l + 2C(0) = , 

.=— oo m=l 

oo oo oo 

m 2n+1 = E m2n+1 + E(" m ) 2 " +1 = > 

.=— oo m=l m=l 

oo 

m 2n = + 2C(-2n) = . (B.3) 



m=— oo 



The computation for the last identity uses: 



and also 



so that 



00 m 2k 00 / K \ 7 2 

Jfe= y ™ a = V m 2 ^- 1 ) 1 - a 5- 3 ) L 

m=— oo "r 5 " ~^ W m=— oo \ r 5 " / 

n 2 /2 ~ m 2(fc-l) fnl\ 2 T 

--^2 2^ „2 - 4m 2 - "1,27 J fc_1 ' ( } 

m=— oo r- 5 " Z, 2 ^ ' 



irrl ,mrl. ,„ . 



J * = (-1)* 22fc+ i r2fc -i coth ( 17 ) • ( B - 6 ) 



Then, 



E^fW = E»'* = (-d'W^) E»' +2 ^ lct " h (^ 

m,n "r 2 " W n=l ^ ' n=l ^ 

/ / \ 2fc+l r oo ; +2 fc-l„n 

i)V(l) | CH _ 2 ^ + i ) + 2 ^!L_ 9 



x 2r 

(-l) fc vrr 2 f- ) C(l - J - 2k)E 2k+l (q) . (B.7) 



7 \ 2fc + l 



2r 
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In particular, 

,2 / ; \ 3 , 3 



E = — 2 (i) C(-l)^(«) = ^U(?) , (B.8) 

E = *r* (±) C(-l)^( 5 ) = , (B.9) 

m,n W ^ ' 

E - - 2 (^) 5 «- 3 >^(") = (55^*W ■ < B1 °> 

m,n r 2 I 2 

471? - «- 3)£ ' w - -pnSF*"' ■ (B ' U) 

m,n i 2 v ' ' 

m,n ~r I W 

C. Propagators 

The Green's function on a two dimensional manifold S is defined as a propagator through 

where a G £ and X* are scalar bosons with the free action So = J2i \ Je d 2 o"^*( — <9 2 )X\ 

A direct computation of the free path integral is obtained by expanding the X l, s with 
a complete and orthonormal set of eigenfunctions of the Laplacian operator on S, 

-d 2 ^!(a) = A/tfj(<r) . (C.2) 

The result of this computation is 

G( ^ = E fifcff£M, (&3) 

with the summation not including the zero mode (if present). Equivalently the Green's 
function is also defined through 

-dlG(a,a') = 5(a-a')-\^,\ 2 , (C.4) 

solved trivially by the same form above. Notice that the definition of a manifold with 
a boundary includes the choice for the boundary conditions. In this paper we need the 
propagator on the cylinder (with period I and length r) and on the half plane, with Dirichlet 
or Neumann boundary conditions. For completeness we also present the details for the 
propagator on the plane. 
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C.l On the cylinder 

In the Dirichlet case the complete orthonormal set of eigenfunctions of the Laplacian op- 
erator is 

*m,n(<r) = sin {^-^j exp (^ 2m ™ a ^ \ , ( C .5) 



(™i,n)x> 



where (m, n)x> G Z x IN, with the resulting propagator, 

• fnna 1 \ ■ {riwcr 1 \ ( 2mm(a° -a' ) \ 

9 sin lii!iL - sm exp 4 ^ 

<*><'■ = ^ E 1 - j Vt4^ — ! — Z ■ M) 

(m,n)r> ~r 2 ~ I 2 

In the case of Neumann boundary conditions the complete orthonormal set is 

V 7 V / ) (m,n)T> K V 7 ) meZ 

(C.7) 

Notice the different normalization for the n = modes that is given by orthonormality, 
and that in this case we also have a zero mode (n = m = 0). The resulting propagator is 

2 / cos (^) cos (^) e , P p^) p ^(aa^ a- 

■ v(<7,<r> = I 2^ 471? ™ 

(m,n) D r l V ra^O 



2 



(C.8) 



C.2 On the plane 

On the plane the complete orthonormal set is 

= ^e**"} , (C.9) 

where both cr and A; are defined on the plane. The resulting propagator is 

r d 2 k P ik i< T -< 7 ') 
G(a,a')= / 2 , (CIO) 

J R 2 (2vr) 2 F + m 2 

where we allow for a general mass m for the scalar. For the massless scalar the propagator 
diverges and needs to be IR-regulated. In momentum (Euclidean) space, 



X(a) = — f d 2 k e ik - a X{k) , (C.ll) 
2tt J R 2 



where X(—k) = X*(k) for the reality of X(a), the propagator is 



G(k, k') = {X{k)X{k')) = 1 5{k + k') . (C.12) 

rZ ~\~ Tfl 



- 32 - 



C.3 On the half plane 



On the half plane and in the case of Dirichlet boundary conditions, the complete orthonor- 
mal set is 



1 ■ ~ A\Jkoa° 1 



^ k (a) = -sm(k 1 a 1 )e^ = — 

7T Z7T 



(C.13) 



where both a and k are defined on the upper half plane, and the resulting propagator is 

d 2 k singer 1 ) sin(fci<7 /1 )e*'(' T0 -' T ' ) 



Gv(cr,a') 



R 2 7T 2 k 2 + m 2 



(C.14) 



r d 2 k 



,ik-(a—cr') _ ^ik-(a-a') 



k 2 + m? 



where we define a = (a , —<? )■ In momentum space 



X 



{<T) = ^-f d 2 k 



X(k) , 



(C.15) 



where X(k) is defined only on the half-plane, and obeys X*(k) = —X(—k) for the reality 
of X(a), and the propagator is 

1 



G v (k,k' 



k 2 + 



2 5(k + k'). (C.16) 
Similarly, in the case of Neumann boundary conditions the complete orthonormal set 



is 



9 k (a) = -cos(k 1 a 1 )e ik ° a ° = ±- 

7T Z7T 



and 



*fc(<7) 



y/2 



1 gifcQCT 



gifc-cr _|_ gik-a 



for fci = . 



7T 



for fci > , (C.17) 



(C.18) 



We define the momentum decomposition to include this normalization, so that J r2 d 2 k 
includes a relative factor of half on the line k\ = 0, 



27r JRl 



gik-cr _|_ gifc-o" 



X(k) 



(C.19) 



With this the resulting propagator in momentum space differs from the Dirichlet case only 
by a minus sign, 



In momentum space, 



GVOV) = G n 2(a, a') + G R 2 (a, a') . 



G M (k, k') = +-„ M + k') . 

k A + m z 



(C.20) 



(C.21) 
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D. Ignoring operators proportional to the free equation of motion 



In this appendix we argue that operators proportional to the free action equations of motion 
do not contribute to the cylinder partition function, so we can ignore them in our analysis. 
An operator that is proportional to the free e.o.m. or its derivatives is of the general form 
d ■ ■ ■ dd 2 X ■ d ■ ■ ■ dX and it can contribute in the partition function generally through 



d ■ ■ ■ dd & ■ ■ ■ d'G(a, a') . 



(D.l) 



Since d 2 G(a,a') = —5(a — a') (up to a possible constant), this contribution is proportional 
to some derivatives of a delta function and so if a ^ a' it identically vanishes. The 
Laplacian operator (<9 2 ) exactly cancels the denominator in the propagator (C.6), and in 
the case when a = a' this contribution is then proportional to Y2rrL 



m 



and thus 



identically vanishes as well, under our regularization (see ( |B.2j )). For the Neumann case 
QC.8 ), the additional contribution ^m^o mfc a ^ so vanishes, except when k = 0, and then it 
equals 1, but the case of k = never appears . This formal identity, d 2 = 0, holds also 
on the boundary. 



E. Detailed calculations 



E.l The partition function 
Dirichlet, level 0: 

The (Euclidean) Laplacian on the cylinder with Dirichlet boundary condition has the com- 
plete orthonormal set of eigenfunctions given above flC.5|) , with the corresponding eigen- 
values A njm = — (™) 2 - (^y^) 2 , giving the determinant: 

2" 



det(-a 2 )= J] 

(m,n)x> 



/7rn\ 2 / 27rm\ ' 
(-) + (^) 



(E.l) 



The partition function is then: 



Z. 



(0) 
V 



DXe- SE = e-^ +2 ^ I D Xe-U d2 ° xl (- d ^ xl 

d-2 



e -l(r+2/i) exp 



Q2 

d-2 



2/vr 



{m,n)i 



n 2 i 4m 2 
77 + -72- 



f(r,l) 



(E.2) 



24 It actually could have appeared from a term in the bulk J M d 2 a d 2 X ■ X, that is invariant under 
translations in the Neumann case. However, with the Neumann boundary conditions, this term is identically 
equivalent to the free term, and thus need not be written. 
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We see that 25 

,2 



*toO = ^E^fw = (U) C(-i)^(g) 



T/ r £ 2 (g) = -2^g|- logfafo)) = -|-2]ogfa(g)) , (E.3) 



12r 2 *W r 2lQ q "OVIVlJJ Q r 

where we have used the (-function regularization for the summation of the infinite sum 
plus other identities and conventions all elaborated thoroughly in the appendix. Similarly, 

dif(r,l) = ~2]ag(r]{q)) , (E.4) 

so that we find 

f(r,l) = -2log(r,(q)) , (E.5) 

up to a constant which we argue to equal zero (so that it is compatible with the partition 
function). Thus, 

4°) = e-^ +2 ^r,(q) 2 - d . (E.6) 

Dirichlet, level 1: 



With the propagator (CJ3) we compute (using (|B.9|) ) 



(S[) = b x ! da {dxX^xX^ = h(d-2) [ da did[G v , (E.7) 

JdM JdM 

( dv° d^Gv = 1 £ = "^(9) • ( E - 8 ) 

J oM m,n ~r% ' 

Dirichlet, level 2: 

We use the following convention, 

d a & B G = lim d a *d a ,f}G(a,a') , (E.9) 

a— >a' 

and then compute (as in [12, |3§|]) 

(5 2 ) = c 2 [ d 2 a {d a X i d a X l dpX j d p X j ) + c 3 ( d 2 a {d a X i d^X i d a X j d f3 X j ) 

Jm Jm 

= {[(d- 2) 2 c 2 + (d - 2)c 3 }I x + [2{d - 2)c 2 + {d- 2) 2 c 3 + (d - 2)c 3 ]/ 2 } 



(d - 2){[(d - 2)c 2 + c 3 ]h + [2c 2 + (d - l)c 3 ]/ 2 } , (E.10) 



J We use here V* = Y~\ , . 
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where: 



I l= [ d 2 a d a d a 'G v d^'G v = [ d 2 a {(d d' G v ) 2 + (d^Gv) 2 + 2d d' G v d 1 d[Gv} , 

JM JM 

I 2 = f d 2 a d a #gGh> d a dP'G v = I d 2 a {(d d' G v ) 2 + (d^Gv) 2 + 2{d Q d' 1 G v ) 2 } . 

JM JM 

(E.ll) 
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>M 



d 2 o da&oGvd^Gv 



m 



16 

r 4^4 / j n 2 , 4m 2 



/2 



n' 2 i 4m' 2 



I 2 "" m',n' "r 2 " 



d 2 cr cos 2 



nira 



sin 



=^(2-«„,nO 



r 3 l 3 
2 



n 2 i 4m 2 



/2 



i' 2 _|_ 4m' 2 



E2 \ — ^ Til 2 ^ — > 1 
n 2 i 4m 2 n 2 i 



n 2 I 4m 2 

n m r 2 " m' 



i 4m' 2 



., > . -2 E 2 « + > n 2 coth 2 

r 3 l 3 \ 24-96 v yHJJ 16 ^ V 2r / 



0(-^ 2 (^) 2 + 4^ 2 (<z) 



(E.14) 



Then 159 



J d 2 a (d d[G v ) 2 K r£ 



n 2 I 4m 2 

T? + -[T- 



(E.15) 



2lT 2 l 



h = I d 2 a {(d d' G v ) 2 + {d^Gvf + 2d o d , Gvd 1 d[Gv} 

IM r 

7T 2 l 



i 2 = / cfV {(«G C ) 2 + (d&Gv) 2 + 2(5 ^G C ) 2 } 



288r 3 



^4(9). (E.16) 



Dirichlet, level 3: 



(S' 3 ) = b 2 ( da {{diX ■ d 1 X){d 1 X ■ d 1 X)) + b 3 [ da (3 3iX • d^X) 
JdM JdM 

= b 2 [{d-2) 2 + 2{d-2))I 3 +b 3 (d-2)I A = (d-2)[db 2 I 3 + b 3 h], (E.17) 



h = I da (d^Gvf 

IdM 

o 

n 



V - V 

Z < n 2 1 4m 2 



/2 



r 6^2 Zl^ n 2 1 4m 2 ^ - u - , -±hl - , 

m,n ~r I ' W m'n' T 2 "" 1 I' 1 



i' 2 , 4m' 2 



da° cos 2 



nira 



cos 



n'ircr 1 



Z^__« n 2 



n 



I / / n 2 _i_ 4m 2 
\m,n r 2 ^ ' i 2 



72 r 4 

167T 2 



E 2 {qf 



h = / da" dodMGv - , 

JdM r 1 



n m 



7T 



H 



j2 4m 2 
m,n r 2 " Z 2 



60r 4 



EM ■ 



{o-^Oj+io-W} 

(E.18) 
(E.19) 
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Neumann at level 0: 

The (Euclidean) Laplacian on the cylinder with Neumann boundary condition has the 
complete orthonormal set of eigenfunctions ( |C.7| ) . The change from the Dirichlet case is in 
replacing sines with cosines, and also including the non-trivial corresponding functions with 
n = 0, with appropriate normalization. Similar arguments give the primed determinant: 



det'(-a 2 )= n 

{m,n)M 



7rn\ 2 / 27rm\ ' 

t) + {—) 



(E.20) 



where (m, n)j\f £ {m e2,n£l (J n = 0}. The partition function is then: 



2vr\ ~ 



.d=2 Vi -i(r +2/ ») 



(W) 2 Vj_e 



d-2 



exp 



2/tt 



i 2 I 4m 2 



(rO^Vxe-'^) exp ( ^[f( r ,l)+g(r,l)} 



d-2, 



d-2 
2 



(E.21) 



where 



f(r,l)= lo g( 
(m,n)x> V 



2/tt 



i 2 i 4m 2 
71 -\ W 



-21og(T/(g)) 



*(r,Q = £ log (^) = 2 C (0)log (g) +<(0) = -log(2vr 



* 2 ) 



(E.22) 



and Vj_ is the volume of the (dimensionless) transverse space of the X z 's coming from in- 
tegrating over the zero modes. The (rl)~z~ factor comes from the fact that the zero modes 
are related to the coordinates by X 1 = Xo,or^| + (c-dependent). 

Neumann, level 1: 

With ( p.8|) we compute, 

(S[) =ax I da (d X ■ d X) = ai(d - 2) f da d^G^ , (E.23) 
JdM JdM 



[ da d & G N = H < 

JdM rl 



m 2 1 f_ 

n 2 I 4m 2 2 ^— ' 4 

^ (m,n)x> ^ m^O 



vrZ f 12r 
6r 2 1 7rZ 



. (E.24) 
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Neumann, level 2: 

The integrals in ( |E.10| ) are now: 

h= f d 2 a d a d a 'G x d^'G H = [ d 2 a {(«GV) 2 + (d^G^) 2 + 2d d' G M d 1 d[G M } , 
Jm Jm 

d 2 a d a &»G M d a d?G M = [ d 2 a {(d Q d' G M ) 2 + (d^G^) 2 + 2{d & 1 G K ) 2 } , 
m Jm 



(E.25) 



with: 
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Then, 



h= f d 2 a {(d d' G x ) 2 + (did[G x ) 2 + 2d d' Gd 1 d' 1 G x } 

JM 

1 TT / \ 1 

= result \ D + — = -^-#2,2(4) + ~1 > 
/ 2 = / dV {(So^Gat) 2 + (^^Gat) 2 + 2(d d[G M ) 2 } 

JM 

= results - ^E 2{q) + i = ^ 4 «> - j^h) + i • (E.31) 

Neumann, level 3: 

The correction at this level is 

(S3) = °2 I da {dlX^lX 1 ) +a 3 I da {doX'doX'doX'doX') 
JdM JdM 

= {d-2)[a 2 h + a z dh] , (E.32) 
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E.2 Expanding the general forms for the partition function 

The closed channel with Dirichlet boundary conditions: 

The Bessel functions can be expanded at large arguments as 
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Then, together with the expansion of the closed string energies and wave functions ( 4.21 ) ,( 4.22 ), 
and their zeroth order value ( |4.25| ),( |4.26| ), the partition function in the closed channel is 
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with the averages defined in Q4.34p , and with t=~. 

The open channel with Neumann boundary conditions: 
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with the averages defined in ( [4,44] ), 
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E.3 Comparing the two results 
Closed channel, Dirichlet, level 1: 

From ( }4.33| ) we read the general form of the first correction to the partition function in the 
closed channel, 



z (l) = {r+ 2,)l I J_ 

v 1 2r 
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(E.38) 



This is to be compared with ( |3.3j ) after a modular transformation ( A. 6 ), 
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Since f 



Itt 



i og ^ is non analytic in q, we see that the two series cannot be matched non- 
trivially, and so b\ = f n \... = [O]. 



Closed channel, Dirichlet, level 2: 

In the same manner as before we compare (p6p with @, 
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This gives the following equations [O]: 
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Closed channel, Dirichlet, level 3: 

Extracting and comparing now the 0(l~ 3 ) terms from the general expansion d436| ), and 
the computed partition function ( |3,6[) (modular transformed), we find 
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which can be equated only for 
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(E.43) 



Then we are left with 
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from we which we extract the correction to the first wave function 
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and 6 2 is left unconstrained. The closed string energies cannot be corrected by boundary 
contributions and the only corrections are to the boundary state wave function. Higher 
order terms (in q) give the corrections for higher wave functions. 



-43- 



Open channel, Dirichlet, level 2: 

Comparing (3.4) with ( f4.46| ) we get 
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from which we find by a similar calculation to that in the closed channel the corrections to 
the open string energies at this level, 
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Open channel, Dirichlet, level 3: 



Comparing now powers of q in (|3.6[) and (|4.4 
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Higher energy corrections are similarly obtained by comparing higher powers of q, but no 
nice general formula is found 26 . 



E.4 Integrating out the heavy modes 

We start with the original action of the X J s and the Y's (|6.1|), and explicitly perform the 



path integral over the Y's, at one-loop (6.2), to obtain the effective action of the X's alone. 



26 The lowest levels are 
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Let's begin with the X-independent terms. Working on the plane we would find 
1 



L>y e xp 
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where ATe = — g- Y^b m b ^°si m l) : an d we suppress the quadratically divergent terms that 
are canceled by the fermionic contributions that we have ignored. This is the bosonic part 



of the correction to the string tension, and the total contribution is ( p. Tj ) [ p3| , 38 



On the half-plane naively we just have half of this contribution, giving us the same 
correction to the tension integrated over the half-plane. But this does not measure correctly 
the contributions from zero modes with p\ = 0; these modes exist when we take Neumann 
boundary conditions for Y b but not in the Dirichlet case, and are counted "half a time" 
when we divided the plane partition function by a half. Thus, there is an extra contribution 
from these modes, that has an opposite sign in the Dirichlet case compared to the Neumann 
case. Evaluating this contribution directly on the half-plane is subtle, but we can easily 
compute it by considering instead the partition function on a strip < o\ < R. Comparing 
the partition function with Neumann boundary conditions on both sides of the strip, to the 
one with Dirichlet boundary conditions on both sides, the only difference between them is 
in the contribution of the p\ = modes (all other modes have the same Laplacian in both 
cases). Thus, the ratio between the two partition functions is given by 
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up to divergent terms that we expect to cancel. We interpret this as coming from an 
integration over both boundaries of the strip of \i in the Neumann case, minus the same 
integration in the Dirichlet case, so we deduce that a scalar with Neumann boundary con- 
ditions contributes m b /8 to fj,, and a scalar with Dirichlet boundary conditions contributes 
— (mfi/8). The full contribution to \x thus takes the form 

1 
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27 Note that we are quite loose about the measure of the path integral and it is written up to an infinite 

d 2 p 



multiplicative constant that drops out in any computation. In the second line we use — > V R 2 I 
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where V K 2 is the volume of the worldsheet on the plane, which is then turned into an integration L 2 d 2 a. 
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where a runs over the Dirichlet Y-fields and a' runs over the Neumann Y-fields. 
For the integration of the quadratic contribution, 

h=^f d 2 ad a X ■ d p X(S a ^ (<9 7 Y • WY + m 2 b Y b 2 ) - 2d a Y ■ d^Y) , (E.53) 

we use ( C,15| ) and a similar expression for Y b , and get for the Dirichlet case both for the 
X's and for the Y's, after some algebra, 
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The difference in the computation of the Neumann case for the X's, is only by changing a 
sign (minus to plus and plus to minus) wherever one of the k's gets a bar relatively to the 
first term. In the Neumann case for the Y's there is a change in sign whenever one of the 



p's gets a bar. Using then (C.16) and rearranging further we get 
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Putting a radial cut-off (A) on the plane, the two integrals equal: 
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where in the second integral we have ignored terms that vanish in the A = oo limit. Putting 
these into ( [E.55 ) and ignoring diverging terms we get 
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where we include here also the results for Neumann boundary conditions for the fields. The 
plus in the ± sign refers to Dirichlet boundary conditions for the y s, where the minus sign 
is for Neumann. The minuses in the two =F signs are for Dirichlet boundary conditions for 
the X's, and the pluses are for Neumann. 

We are only concerned about corrections to the effective action that are up to four 
derivatives on the boundary, and so we expand ( E.57 ) in powers of In the Dirichlet 
case for the X's we find 
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up to higher terms in T 1 , and with the corrected tension T' = T + ATg and field renor 
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malization X' = X(l + (there are also the fermionic contributions to these, that are 



known [38], as well as to 62 > that we have ignored). In the Neumann case for the X's we 
find 
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The resulting effective action (after the use of the free e.o.m. d% + df = 0) is 

S eff = [ (V + \d a X' ■ d a X') + / da (ti B + of d X' ■ d X' + a B d 2 X' ■ d%X') I 

Jul V 2 J Jn Kv 1 -- 



0} 



(E.63) 



References 



A. A. Abrikosov, "On the Magnetic properties of superconductors of the second group," Sov. 
Phys. JETP 5, 1174-1182 (1957). 

H. B. Nielsen and P. Olesen, "Vortex-line models for dual strings," Nucl. Phys. B 61, 45 
(1973). 

J. F. Arvis, "The Exact Q Anti-Q Potential In Nambu String Theory," Phys. Lett. B 127, 
106 (1983). 

M. Caselle, M. Panero and P. Provero, "String effects in Polyakov loop correlators," JHEP 
0206, 061 (2002) [arXiv:hep-lat/0205008l . 



[6 



[10 



[11 



[12 



[13 



[14 



M. Liischer and P. Weisz, "Quark confinement and the bosonic string," JHEP 0207, 049 



(2002) [arXiv:hcp-lat/0207003] 



M. Caselle, M. Panero, P. Provero et ai, "String effects in Polyakov loop correlators," Nucl. 



Phys. Proc. Suppl. 119, 499-501 (2003) [arXiv:hep-lat/0210023 



M. Caselle, M. Hasenbusch and M. Panero, "String effects in the 3d gauge Ising model," 



JHEP 0301, 057 (2003) [arXiv:hep-lat/0211012] 



M. Caselle, M. Hasenbusch, M. Panero, "Effective string picture for confinement at finite 
temperature: Theoretical predictions and high precision numerical results," Nucl. Phys. Proc. 



Suppl. 129, 593-595 (2004) |[arXiv:hcp-lat/0309147 



M. Caselle, M. Panero, M. Hasenbusch, "Effective string picture for confining gauge theories 
at finite temperature," [arXiv:hep-lat / 0312005] . 



M. Caselle, M. Hasenbusch, M. Panero, "Short distance behavior of the effective string," 



JHEP 0405, 032 (2004) [arXiv:hep-lat/0403004] 



M. Caselle, M. Pepe, A. Rago, "Static quark potential and effective string corrections in the 
(2+l)-d SU(2) Yang-Mills theory," JHEP 0410, 005 (2004) |[arXiv:hep-lat /0406008][ 



M. Liischer and P. Weisz, "String excitation energies in SU(N) gauge theories beyond the 
free-string approximation," JHEP 0407, 014 (2004) |[arXiv:hep-th/0406205]| . 



M. Caselle, M. Hasenbusch, M. Panero, "Comparing the Nambu-Goto string with LGT 



results," JHEP 0503, 026 (2005) |[arXiv:hep-lat/0501027 



M. Billo, M. Caselle, "Polyakov loop correlators from DO-brane interactions in bosonic string 



theory," JHEP 0507, 038 (2005) [arXiv:hep-th/0505201 



-48- 



[15] 
[16] 
[17] 
[18] 
[19] 
[20] 
[21] 
[22] 
[23] 
[24] 
[25] 

[26] 
[27] 



M. Caselle, M. Hasenbusch, M. Panero, "On the effective string spectrum of the 



tridimensional Z(2) gauge model," JHEP 0601, 076 (2006) [arXiv:hep-lat/0510107] 



M. Billo, M. Caselle, M. Hasenbusch et ai, "QCD string from DO branes," PoS LAT2005, 



309 (2006) |[arXiv:hep-lat/0511008 



N. D. Hari Dass, P. Majumdar, "High accuracy simulations of d=4 SU(3) QCD-string," PoS 



LAT2005, 312 (2006) [arXiv:hep-lat/0511055] 



N. D. Hari Dass, P. Majumdar, "String-like behaviour of 4-D SU(3) Yang-Mills flux tubes,'' 



JHEP 0610, 020 (2006) |[arXiv:hep-lat/0608024] 



N. D. Hari Dass, P. Majumdar, "Continuum limit of string formation in 3-d SU(2) LGT,' 
Phys. Lett. B658, 273-278 (2008) |[arXiv:hep-lat/0702019] . 



B. B. Brandt, P. Majumdar, "Luscher-Weisz algorithm for excited states of the QCD 



flux-tube," PoS LAT2007, 027 (2007). [arXiv:0709.3379 [hep-lat]| . 

B. B. Brandt, P. Majumdar, "Spectrum of the QCD flux tube in 3d SU(2) lattice gauge 



theory," Phys. Lett. B682, 253-258 (2009). |[arXiv:0905.4195 [hep-lat 



B. Lucini, M. Teper, "SU(N) gauge theories in (2+l)-dimensions: Further results," Phys. 
Rev. D66, 097502 (2002) |[arXiv:hep-lat/0206027]| . 



H. Meyer, M. Teper, "Confinement and the effective string theory in SU(A — > oo): A Lattice 



study," JHEP 0412, 031 (2004) |[arXiv:hep-lat/0411039] 



S. Lottini, F. Gliozzi, "The Glue-ball spectrum of pure percolation," PoS LAT2005, 292 
(2006) |[arXiv:hcp-lat/0510034] . 



M. Caselle, M. Hasenbusch, M. Panero, "High precision Monte Carlo simulations of interfaces 
in the three-dimensional ising model: A Comparison with the Nambu-Goto effective string 
model," JHEP 0603, 084 (2006) |[arXiv:hep-lat/0601023l . 



M. Billo, M. Caselle, L. Ferro, "The Partition function of interfaces from the Nambu-Goto 
effective string theory," JHEP 0602, 070 (2006) |[arXiv:hcp-th/0601191]| . 



M. Caselle, M. Hasenbusch, M. Panero, "The Interface free energy: Comparison of accurate 
Monte Carlo results for the 3D Ising model with effective interface models," JHEP 0709, 117 
(2007) |[arXiv:0707.0055 [hep-latf 



[28] M. Billo, M. Caselle, L. Ferro, "Universal behaviour of interfaces in 2d and dimensional 



reduction of Nambu-Goto strings," Nucl. Phys. B795, 623-634 (2008) |[arXiv:0708.3302 
[hcp-thlH 



[29] A. Athenodorou, B. Bringoltz, M. Teper, "The Closed string spectrum of SU(N) gauge 
theories in 2+1 dimensions," Phys. Lett. B656, 132-140 (2007) |[arXiv:0709.0693 [hep-lat]| . 



A. Athenodorou, B. Bringoltz, M. Teper, "The Spectrum of closed loops of fundamental flux 



in D = 2+1 SU(N) gauge theories," PoS LAT2007, 288 (2007) [arXiv:0709.2981 [hep-lat 



- 49 - 



[31] M. Billo, M. Caselle, L. Ferro, M. Hasenbusch and M. Panero, "Effective string theory 
description of the interface free energy," PoS LAT2007, 294 (2007) |[arXiv:0710.1751 



[hep-lat] 



[32] P. Giudice, F. Gliozzi, S. Lottini, "Confining string beyond the free approximation: The Case 



of random percolation," PoS LATTICE2008, 264 (2008) |[arXiv:081 1.2879 [hep-lat] 



[33] P. Giudice, F. Gliozzi, S. Lottini, "The Confining string beyond the free-string approximation 



in the gauge dual of percolation," JHEP 0903, 104 (2009) |[arXiv:0901.0748 [hep-lat]] 



[34] A. Athenodorou, B. Bringoltz, M. Teper, "The Spectrum of closed loops of fundamental flux 



in D = 3+1 SU(N) gauge theories," |[arXiv:0912.3238 [hep-lat] 



[35] A. Athenodorou, B. Bringoltz, M. Teper, "Closed flux tubes and their string description in 



D=3+l SU(N) gauge theories," |[arXiv: 1007.4720 [hep-lat] 



[36] M. Liischer, K. Symanzik and P. Weisz, "Anomalies Of The Free Loop Wave Equation In 
The Wkb Approximation," Nucl. Phys. B 173, 365 (1980). 

[37] M. Liischer, "Symmetry Breaking Aspects Of The roughening Transition In Gauge 
Theories," Nucl. Phys. B 180, 317 (1981). 

[38] O. Aharony and E. Karzbrun, "On the effective action of confining strings," JHEP 0906, 012 
(2009) |[arXiv:0903.1927 [hep-th]j 



[39] H. B. Meyer, "Poincare invariance in effective string theories," JHEP 0605, 066 (2006) 



[arXiv:hep-th/0602281 



[40] O. Aharony, Z. Komargodski and A. Schwimmer, work in progress, presented by O. Aharony 
at the Strings 2009 conference, June 2009, 

http://strings2009.roma2.infn.it/talks/AharonyJ3trings09.ppt, and at the ECT* 
"workshop on "Confining flux tubes and strings" , July 2010, 

http : //www.ect . it/Meetings/Conf sWksAndCollMeetings/Conf WksDocument/2010/ 
talks/Workshop_05_07_2010/Aharony . ppt . 

[41] E. Braaten, R. D. Pisarski and S. M. Tse, "The Static potential for smooth strings," Phys. 
Rev. Lett. 58, 93 (1987) [Erratum-ibid. 59, 1870 (1987)]. 

[42] E. Braaten and S. M. Tse, "The Static potential for smooth strings in the large D limit," 
Phys. Rev. D 36, 3102 (1987). 

[43] A. M. Polyakov, "Fine Structure of Strings," Nucl. Phys. B 268, 406 (1986). 

[44] J. M. Maldacena, "The large N limit of superconformal field theories and supergravity," Adv. 
Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] 



[arXiv:hep-th/9711200; 



[45] O. Aharony and N. Klinghoffer, "Corrections to Nambu-Goto energy levels from the effective 
string action," to appear. 



- 50 - 



[46] 
[47] 



K. Dietz and T. Filk, "On The renormalization Of String Functional, " Phys. Rev. D 27, 
2944 (1983). 

V. V. Nesterenko and I. G. Pirozhenko, "Justification of the zeta function renormalization in 
rigid string model," J. Math. Phys. 38, 6265 (1997) |[arXiv:hep-th/9703097] . 



M. Caselle and K. Pinn, "On the Universality of Certain Non-Renormalizable Contributions 
in Two-Dimensional Quantum Field Theory," Phys. Rev. D 54, 5179 (1996) 



[arXiv:hep-lat /9602026] 



[49] M. E. Peskin and D. V. Schroeder, "An Introduction To Quantum Field Theory," Reading 



USA: Addison-Wesley (1995, 



[50] E. Witten, "Anti-de Sitter space, thermal phase transition, and confinement in gauge 
theories," Adv. Theor. Math. Phys. 2, 505 (1998) |[arXiv:hep-th/98031311 . 

[51] J. M. Maldacena and C. Nunez, "Towards the large N limit of pure N = 1 super Yang Mills," 
Phys. Rev. Lett. 86, 588 (2001) |[arXiv:hep-th/0008001] . 

[52] I. R. Klebanov and M. J. Strassler, "Supergravity and a confining gauge theory: Duality 
cascades and chiSB-resolution of naked singularities," JHEP 0008, 052 (2000) 



[arXiv:hcp-th/0007191 



[53] G. Bertoldi, F. Bigazzi, A. L. Cotrone, C. Nunez and L. A. Pando Zayas, "On the universality 



class of certain string theory hadrons," Nucl. Phys. B 700, 89 (2004) |[arXiv:hep-th/0401031 



- 51 - 



